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1 Introduction

As a subsequent paper of the celebrated work [16], Ray and Singer defined a holomorphic torsion associ-
ated with the d-complex of complex manifolds in [17]. In [17, (2.5)], in the flat holomorphic case, they
obtained the variation of this holomorphic torsion with respect to the change of Hermitian metrics of
the underlying complex manifold, as the constant coefficient of the small time asymptotic expansion of
certain trace of the associated heat kernel. Furthermore in [6], using probability method, Bismut, Gillet
and Soulé obtained the explicit anomaly formula for the case where the holomorphic bundle is endowed
with Hermitian metrics and the base manifold is assumed to be Kéhler.

In the recent paper of Cappell and Miller [9], the holomorphic torsion is extended to coupling with an
arbitrary holomorphic bundle with compatible connection of type (1,1). However, comparing with the
operators dealt with in [6], in the present general setting the associated operators are not necessarily self-
adjoint and the torsion is complex valued. Especially, the torsion is independent of the given Hermitian
metric of the holomorphic bundle.

In this paper, we get an explicit expression of the anomaly formula for this Cappell-Miller holomorphic
torsion for Kéhler manifolds. As is obtained in [9], the variation of the holomorphic torsion is the constant
term in the Laurent expansion of the supertrace of a certain smooth kernel. To compute the constant
term, following [6, Section 1(h)] in spirit, we introduce the Grassmann variables da, da@ and identify the
constant term as the coefficient of dada of lim; o+ Trs[exp(—tI])], where for any ¢ > 0, I] is a generalized
non-self-adjoint Laplacian with parameters da, da.

In our final calculation, we do not use probability theory as in [6], but modify the proof which is
presented in [1, Chapter 4] to deduce the local index theorem [1, Theorem 4.1]. The technical difficulties
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in the modification are the singular terms turning up in the rescaled operator and the convergence of the
rescaled heat kernel for the introduced rescaling parameter € as ¢ — 0. We first modify the estimates
on heat kernels given in [1, Chapter 2], which essentially depend on the properties of the introduced
Grassmann variables, then using Donnelly’s conjugation technique and the general Mehler formula for a
generalized harmonic oscillator (cf. [10]), we overcome the difficulties.

As the referees pointed out to us, Bismut and Kéhler [7] established the anomaly formula for the
holomorphic torsion forms and Ma [14] extended it to the equivariant case. Modifying the proof of [14,
Theorem 2.13], one can work out the anomaly formula for Cappell-Miller holomorphic torsion directly.
We shall explain it in Remark 4.9.

The rest of this paper is organized as follows. In Section 2, we recall the basic definition of the Cappell-
Miller torsion of the holomorphic bundle endowed with a compatible (1,1) connection over complex
manifolds and state the anomaly formula for the case where the base manifold assumed to be Kahler.
In Section 3, we deduce some estimates on the heat kernels in a little more general case than what we
need. In Section 4, using the local index theorem techniques, we prove the anomaly formula stated in
Section 2.

2 Cappell-Miller torsion of the holomorphic bundle with a compatible (1,1)
connection

In this section, we recall the definition of the Cappell-Miller torsion of the holomorphic bundle with
a compatible (1,1) connection and state an anomaly formula for the Cappell-Miller torsion under the
Kahler condition.

2.1 The Cappell-Miller holomorphic torsion

Let (M, J) be a complex manifold with complex structure J and its complex dimension be n. Let T M
be the corresponding real tangent bundle. Let g”™ be any Riemannian metric on TM compatible with
J and V™ be the corresponding Levi-Civita connection.

Let E — M be a complex holomorphic bundle over M endowed with a connection VZ. Let g¥ be a
Hermitian metric on F.

For 0 <r < 2n,let Q"(M,E) =T(M,\"(T*M)® E) be the space of smooth r-forms on M with values
in E.

The complex structure J induces a splitting TM ®@g C = THOM @ TOVUM, where T M and
TODM are the eigenbundles of J corresponding to the eigenvalues v/—1 and —v/—1, respectively. Let
T*LOM and T*OD M be the corresponding dual bundles.

For any 0 < p,q¢ < n, let

QPU(M, E) = (M, AP (T*O0M) @ AY(T* VM) © E)

be the space of smooth (p, g)-forms on M with values in E. Set

Q" (M,E) = @ 99(M, E).
p,q=0

We have the direct sum decomposition Q"(M,C) = P, ,,2"9(M, C) and the differentials d : Q" (M,
C) — Q" TY(M,C), d : Q»9(M,C) — QP+L4(M,C) and 9 : QP9(M,C) — QP9+ (M, C) with d = 9 + 0.

We will denote by (-,-) the C-bilinear form on TM ®g C induced by ¢g"™. T@OM is a holomor-
phic vector bundle with Hermitian metric induced by g?™. Let {es;—1}" ; U {e2; := Jeg;—1}"; be an
orthonormal frame of TM and {e?}?", be its dual frame. Then

1 :
wj:ﬁ(em’fl_\/_le%)v j=1...,n S
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form a local orthonormal frame of 7(1:% M with dual frame{w?}7_, (cf. [15, (1.2.34)]). We fix this notation
throughout the remaining part and use it without further notice.
Let © be the real (1,1)-form defined by

O(u,v) = ¢"™(Ju,v), for any u,v € T'(TM). (2)

We call © as in (2) a Kéhler form on M. The metric g7™ on TM is called a Kihler metric and the
complex manifold (M, J) is called a Kahler manifold if © is a closed form (cf. [15, Definition 1.2.7]).
There is a natural Hermitian metric on AP (T*(190M) @ AY(T*OV M) ® E induced by g"™ and g%,
which we denote by (-, -)a++gr. By Wirtinger Theorem (cf. [13, pp. 31]), we know that the volume form
of M determined by g7 is given by ?l—?. Therefore, the L2-scalar product on Q**(M, E) is given by

(@8) = [ (aBxapr forany a,0€ 0 (M) ®

The complex Hodge star operator is a complex conjugate linear mapping
x: QPYM,C) — Q" P I(M,C)

such that if o, 8 € Q**(M, C), then (cf. [13, pp. 80-82])

n

o h B = (o f)ae o (4)

The formal adjoint 9" of 9 with respect to the L2-scalar product is given by

=

0 =—%0x%. (5)
Let conj be the natural conjugate mapping induced by the bundle automorphism (cf. [9, p. 141])
T*M @r C - T*M@rC, v®@X—v®\ forany v € T*M, X € C. (6)

Then % := conj * is a complex linear mapping. Clearly, ¥ = conj * = * conj.

We now introduce the Clifford algebra (cf. [15, Section 1.3.1]).

For any v € TM with decomposition v = v + (0D ¢ TWO AL @ TODAL et 51O+ e T*O1) pf
be the metric dual of v(:%). The Clifford action of v on the bundle A(T*VM) = Aever(T*O:DAr) @
A (T*OD M) is defined by

c(v) = \/5 (5(1’0)’* AN —7;”(0,1)), (7)

where A and 4 denote the exterior and interior multiplications, respectively. We verify easily that for
UVeTlTM,
c(U)e(V) 4+ c(V)e(U) = =2(U, V). (8)

We identify TM with T*M by the given metric g7™, and sometimes write c(e?) as c(e;). In the sequel,
we do not distinguish between c(e?) and c(e;).

Since E is holomorphic, the usual d operator on Q**(M,C) has a unique natural extension to
Q*(M,E), g : QP4(M, E) — QP91 (M, E) (cf. [9, Section 3]).

Under the splitting QY(M, E) = QY(M, E) @ Q%1(M, E), the connection VE decomposes as sum:
VE = (VE)LO g (VE)OL with

(VEYLO . (M, E) - QYO (M, E), (VEY . T(M,E) — Q% (M, E). (9)

Moreover, if we extend VE on I'(M, E) in a unique way to Q**(M, E) by Leibniz formula (cf. [1, p. 21]),
then the extended V¥ splits into two pieces VE = (VE)LO + (VF)%1 which also satisfy the Leibniz
formula (cf. [1, p. 131]).

Definition 2.1 [9].  The connection V¥ is said to be compatible with the holomorphic structure on E
if (VEYOL = 9g. The connection V' is said to be of type (1,1) if the curvature (VF)2 is of type (1,1).
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In the sequel, we fix any p, 0 < p < n, and set QP*(M, E) = @ZZO QPa(M, E).
Let V¥ be a compatible (1,1) connection. Following [9, Section 3], we define

I (veyo = —FO (V) Eo ), (10)

and
DE,5 = (9E8E7(VE)1,0 + 8E7(VE)1108E~ (11)

Since %% = #2 = (—1)P*% on QP9(M, C), we get
(5”‘,5,(@)1,0)2 = (=1)Prerl G e 1) ((VE)LO)2 F®1)=0. (12)

Using the following identities

(VO =001+w AVE, (VO =001+’ AVE, (13)

we get
52‘7(VE)1.0 :5* ®1 —iijfj7 EE —0®l1+w /\vgj. (14)

Set
D = ﬁ(gE + E*E"(vE)l,O). (15)

Then from (11), (14), (15), we deduce that
D=V20+9)®1+cle) ®VE, D?=20p3. (16)

Denote € = AP(T*(LO M) @ E. If we assume in addition that (M, .J, ") is a Kihler manifold, then
using [1, Proposition 3.67], [15, Lemma 1.4.4], the operator D acting on QP*(M, E) = Q%*(M, £) can be
specified as follows.

Proposition 2.2. D can be regarded as a Dirac operator on the Clifford module A(T*VM) @ &£
associated with the Clifford connection

VIE = V921 +1@ V%, de D=cle) V¥, (17)

where VO is the natural connection on A(T*OV M) induced by the Levi-Civita connection VTM (cf. [1,
p. 28]) and V¢ is the natural tensor connection induced by V™ and VE.

Let Spec(O 5) be the spectrum of O 5 acting on Q0*(M, €). Denote
Re(Spec(0j 5)) = {Re(A) | X € Spec(Oy 5)}-
Pick any a > 0 such that a ¢ Re (Spec(0y 5)). Set
Q2.(M, E) EB Q{A}
Re A<a

Let I, : QP*(M,E) — Q% (M, E) be the orthogonal projection with respect to the natural L?-scalar
product (cf. (3)) on Q%*(M,E). Set P, =1 —1Il,.

We recall some facts obtained in [9, Section 4].

(Q2 (M, E),0g) forms a finite-dimensional complex. Moreover, the inclusion of the complexes

(Q%Z(Mv E)) 5E) C (Qp}*(M7 E)v 5E)
induces an isomorphism on cohomology. That is,

HIY(Q25 (M, E), 0r) — H2(M, B). (18)
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% @ 1 induces a C-linear isomorphism of the complex (Q27 (M, E),E*E*7(vE)1.O) to the complex
(QL"P (M, E), (=1)PHH(VE)LO) We have isomorphisms

HIGHIP (M, B) =5 B Q2077 (M, ), (~1)PH 1 (V)10)
L H (25 (M, E), O cveyio). (19)
From [9, Section 6], we know that there is a natural non-vanishing algebraic torsion invariant associated
with the complex (2, (M, E),EE,E*E}(VE)I,O),
torsion(Q2} (M, E),0p, 0 (veyio)
€ det(H*(Q25(M, E),0p)) ® det(H. (25 (M, E), Dg (gry0) .

Using the isomorphisms (18) and (19), we regard it as an element of the complex line
det(HP™ (M, E)) @ det(H G50, " (M, E)) ™"

Note here the complex line is independent of the metric g7™.
Let N be the number operator, i.e., N acts on Q%4(M, E) by multiplication by ¢q. By [9, Section 11],
for Re(s) > %, the following zeta function is well defined,

Cal(s) = Tr[N(O 5) " Pul. (20)

Moreover, (,(s) has a meromorphic extension to the whole complex plane and is analytic at s = 0.
Consequently, the derivative at s = 0, ¢/, (0) is meaningful.
By [9, Lemma 4.3] and [9, (4.8)], we know that the combination

torsion(Q2) (M, E),0p,0p (gry10) - exp(CL(0)) (21)

is independent of the choice of a > 0 with a ¢ Re(Spec(0y 5)) and the Hermitian metric g¥.
Definition 2.3 (cf. [9, p. 152]).  The non-vanishing element of the complex line

det(HE™ (M, E)) @ det(Hgs)o " (M, E)) ™!
defined in (21) is called the Cappell-Miller holomorphic torsion and is denoted by Tholop(M, E).
2.2 An anomaly formula for the Cappell-Miller holomorphic torsion for Kiahler manifolds

We indicate the characteristic classes which we will use.

Let ¢”M be a Kihler metric on TM. Let Rt be the curvature of 710 M with the natural connection
induced by the Levi-Civita connection V™ associated with g7, Let RF = (V)2 be the curvature of
VE If A€ End(TMO M), set

Td(A) = detpa.o (Tfil), det( +tA) =1+to1(A) + -+ t"o,(A), (22)
Td,(A) = Td(A) op(exp A).

Definition 2.4. Set

R* —RF
Td, (THOM, ™) =Td, | —— ), ch(E,VF®)=T — . 23
p( g ) 4 277\/—_1 C ( ) r eXp 277\/—_1 ( )
Asin [4, p. 58], let P = @]_, Q4 (M,C). Let P’ C P be the set of smooth forms o € P such that
there exist smooth forms 3, v for which a = 93 + 9. When «, o/ € P, we write o = o if a — o’ € P'.
Then the paring of the elements of P/P’ with the element of P which is closed and has compact support
is well defined.
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Let ¢'"™ be another Kahler metric on TM.
By the results of [4, Section (f)], there is uniquely defined Bott-Chern class

’/I‘\ap (T(l,O)M7 gTI\/I7 g/TM) c P/Pl
such that

00
2w/ —1

Let Tholo,ps Tholop D€ the Cappell-Miller holomorphic torsions associated with the Kéhler metrics g™/,
g™ | respectively.

Using the above notations, we state our main theorem as follows.
Theorem 2.5 (Compare with [6, Theorem 1.23]). The following identity holds

’/I‘\ap (T(I,O) ]\47 gT]W7 g/T]W) _ po (T(I,O) ]\47 gITM) _ po (T(I,O) ]\47 gT]W) . (24)

T =
holo:p _ oym, < / po(T(l,O)M7 gTM7g/TM) -ch(E,VE)> ) (25)
Tholo,p M

3 Some estimates on heat kernels

In this section, we deduce some estimates on heat kernels, which will be needed in the next section.
Throughout this section, we assume that M is a compact oriented smooth manifold of dimension n

with a Riemannian metric g7 . Let e1, ..., e, be a local orthonormal frame of T'M with respect to g7 .

Let C(M) be the Clifford bundle associated with g7 (cf. [1, Definition 3.30]). For any 0 < i < n, denote

QM) =T(AY(T*M)) and Q*(M)= é QY (M). (26)
=0

Let F be a real vector bundle of dimension m over M with a connection V7.
This section is self-contained.

3.1 The special heat kernel depending on parameters

Let 94, ...,9, be auxiliary Grassmann variables, and any of which anticommutes with C'(X), where C'(X)
is the element X € T, M considered as an element of C(M). Assume also that the multiplication of any
q + 1 variables of the above given Grassmann variables vanishes, where ¢ is some fixed integer.

Let R(¥1,...,%,) be the Grassmann algebra generated by 1,%1,...,%, (cf. [3]). f w € R(t1,...,3,),
then w is a linear combinations of 9J;, - - - ¥, , where 1 < i < --- < i < 1. We say the monomial ¥, - - - ¥,
is of degree k. Clearly, k < g.

For any ¢ > 0, there is a homomorphism of algebras

G R(1,...,0,) — R(91,...,9,), (27)

which for 1 < j <2, maps ¥; in % (cf. [8, Section 4]).

Defining the elements of Q*(M) @ End(F) to be of degree zero, we give every monomial of Q*(M) ®
End(F)® R(V1,...,19,), say @i,...i;04, - - Ui, , where @;,..;, € Q*(M) ® End(F), a natural degree. The
homomorphism in (27) can be extended to Q*(M) ® End(F)@R(Y1,...,7,) in an obvious way.

For any t > 0, w € QY (M) ® End(F)@R(V1,...,7,), set

fw=1(w) and VI =V 4w, (28)
We may assume that ‘w has no degree 0 term?.

D In fact, let tw{%} be the degree 0 term of tw, then V7T := {0 4 V¥ is a connection on F. Replacing V¥ by %f,
then tw — twi%} has no degree 0 term.
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For any t > 0, p € End(F)RR(¥1,...,7,), set p = b:(p). We now consider the smooth family of
differential operators

I =—(VI + tw(ei))z +% and I =tI].
Here we use the same notation as in [2, Section 3(b)],

(V2 +1w(e)” =Y (VI +1w(en)” = Vru,, — ‘w(VIMe,). (29)
i=1 ‘

For any t > 0, let k(z, vy, s,t) be the smooth section of the bundle FX F* over Ry x M x M, satisfying
the following equation with boundary condition at s = 0:

(as + It)k(xvy» s»t) =0,

30
tin [ ko5, 0y = 1), .
s=0" Jyem
Here we use the same convention as in [1, pp. 72| that F K F* = 7j F ® n3F*, where w1, my are the
projections from M x M onto the first and second factor M respectively.
Set u = st, then 05 = t0d,. The equation in (30) is equivalent to
(Ou + Ik (, y,u, t) = 0,
. = (31)
tin, [ ey 0ll)dy = 1(0),
u—0% Jyem

where k(z,y,u,t) = k(z,y, s,t). In (30) and (31), [(z) is any smooth section of F and the limit is meant
in the uniform norm ||l|lo = sup,c, [|(z)]| for any metric on F. I} is a generalized Laplacian with
parameters in R(¢q,...,¥,) for any t > 0.

Let « and y be sufficiently close points in M. Let 1, ..., be a local frame of F on a neighborhood
of y, which are parallel along the radical geodesic curve x5 = exp,, sx : [0,1] — M, with respect to the
connection V7.

For any t > 0, we define 7/(zs,y) € Hom(F,, F,,) as follows

Tt(xsv y) (ll(y)v R lm(y)) = (ll(xs)v cee »lm(xs))A(S)v (32)

where
q

A(s) =1+ Z(—l)k / tw(tk) e tw(tl)dtl e dty, (33)

k=1 sk

and s\, k > 1, is a rescaled simplex given by
{(t1,. )0 <ty <ta <o <t < s} (34)
Checking directly, we know that A(s) is non-degenerated and that
Vi (T s, y)li(y)) =0, fork=1,...,m. (35)

Therefore, it gives another smooth trivialization of F over the neighborhood of y corresponding to V7.
Let ¢, be the smooth kernel modeled on the Euclidean heat kernel: in a normal coordinate around y
(x = exp, ),
x|

du(@,y) = (47u) " F exp ( - ﬂ)

We fix y € M and write g, for the section z — ¢, (z,y).
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Set j(x) = det? (9:;(x)). Using [1, Theorem 2.26], in the above new trivialization, the formal solution?
of the heat equation (31) is given by

k(0,93 ) = gy (2, ) Y u'®y(w, y; 1), (36)
=0

[N

where ®g(z,y;t) = j~2(x)7!(z,y), and for i > 0,

1

()7 () / S E (537 (0, )~ (I @i 1) (24, s £)ds.

N

q%(x7y;ﬂ ::_j_

Set
2

€
1, if s<—,
P(s) = 4
0, if s> ¢e2,
where ¢ is chosen to be smaller than the injectivity radius of the manifold M.
For N large enough, we define the approximate solution by the formula
N
ke (2, ;) = ¢ (d(@,y)?) qulz, y) Y u'®i(x,y;t). (37)
i=0
In the sequel, we fix N large enough. In a neighborhood of the diagonal, we write y = exp,y,
with y € T, M, and identify F, to F, by parallel transport along the geodesic joining = and y with
respect to V7. That is, if [ is a smooth section of F, we denote by I(z,y) the function of y such that
lz,y) =7(z,y)l(y) € Fy; if ® is a section of F K F*, we denote by ®(z,y) an endomorphism of F, such
that ®(z,y) = ®(z,y)7(z,y) . Let U;(z,y;t) = ¥(|y||*)®:i(z,y;t). We have ¥o(z,0) = Idx,.
The explicit formulas for ®,(x,y;t) and (33) imply that ¥;(z,y;t) can be expressed as

a
U,(z,y;t) = Zt_%gbij(a:,y), for all 7 > 0, (38)
§=0
where ¢;;(z,y) € End(F,)@R(V1, ..., 9,).
Thus, the approximate solution can be expressed as
N q )
i _i
ke (2, y51) = qot(2,9) D (st)" Y 7 2¢u(w,y)7(, ). (39)
i=0 §=0
Let (4, ] -]|) be a normed space. We introduced a norm || - || zgr on Z & R(¥1,...,%,) as follows. For
©p = Z Giqeig Uiy -+ iy, E%@R(ﬁl,...,ﬁl),

1<k<q
1ip < <igp <t

we define
lollzor =  max  [[@i..i - (40)

1<k<q
10y < <ip <o

Proceeding as [1, Section 2.5], we deduce that there exists a unique smooth solution to (30), which is
called the heat kernel and is denoted by p,(z,y;t) (cf. [1, Proposition 2.17 and Theorem 2.30]). Therefore,
the unique smooth kernel k(x,y, s, t) determined by (30) equals p,(x, y;t)|u=s:. We can get the following
estimate.

Theorem 3.1 (Compare with [1, Theorem 2.23]).  Assume 0 < s,t < T. Then there exists a constant
C > 0, such that

_n_£L_ _kt2, n_ ¢
105 (pu(, y3 8) — k3 (2, y: 1) [le < C - sV E7Z7RHL N =Tmamg =34, (41)
where || -||¢ is defined using the usual €*-norm (cf. [1, p. T1]) on €*-sections of FRF* over Ry x M x M
as in (40).
2) Because the manifold considered here is oriented, there is a little but not essential difference in the expression of the
formal solution.
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3.2 The rescaled heat kernel and the Mehler formula

We continue the discussion of the last subsection.

Take any x¢ € M and trivialize the vector bundle F in a neighborhood of x( by parallel transport along
radical geodesics with respect to V¥ (cf. [1, pp. 153-154]). More precisely, let V = T, M, F = F,, and
U = {x € V|||x|| < €}, where ¢ is the injectivity radius of the compact manifold M at zo. We identify U
by means of exponential map x ~ exp, x with a neighborhood of zg in M. For x = exp, x, the fibre F,
and F are identified by the parallel transport map 7(xo,x) : 7, — F along the geodesic x, = exp, sx.

Choose an orthonormal basis d; of V = T, M, with dual basis dx’ of T M, and let ¢ = ¢(dx") €
End(E). Let S be the spinor space of V* and let W = Homg v+ (S, F') be the auxiliary vector space
such that ' = S @ W, so that End(F) = End(S) @ End(W) = C(V*) ® End(W). Let e; be the local
orthonormal frame obtained by parallel transports along the geodesics from the orthonormal basis 0; of
T,y M, and let e’ be the dual frame of T*M.

It follows that in this trivialization the bundle Endg(ap)F, restricted to U, is the trivial bundle with
fibre Ende(vyF = End(W) (cf. [1, p. 154]).

Let py(z, zo; t) be the smooth kernel of the operator I;. We transfer the kernel to the neighborhood U
of 0 € V, thinking of it as taking values in End(F)®R(01,...,7,), by writing

pu(x;t) = 7(w0, 2)pu(x, T05t), Where x = exp, X.

Set
Du(x;t) = o(pu(x;t)), where o is the full symbol map.

Then py,(x;t) is a A(V*) @ End(W)@R(01, ..., 9,)-valued function on U. Consider the space A(V*) ®
End(W)®R(D1,...,9,) as a C(V*) @ End(W) module, where the action of C'(V*) on A(V*) is the usual
one c(el) = el A —ig,.

The AV* @ End(W)®R(91, . . . ,9,)-valued function p,(x;t) satisfies the differential equation

(85 + ft(x))ﬁu (X; t) =0, (42)

where E is the local expression of I; in the above trivialization.
Now we introduce Getzler rescaling (cf. [12] and [1, Section 4.3]).
For any a € € (R* x U, AV* ® Ende(y-)(F)@R(V1, ..., 1,)), let

(0e)(t,x) = Zs_ia(EQt,ax)m, (43)
i=0

where ;) is the i-form component of a.
Set _/T; = 652555’1. Then we have

(O + 01,07 1) (0cPu) = 005 + 1) = 0. (44)
Definition 3.2 (Compare with [1, Definition 4.18]).  The rescaled heat kernel r(e, s,t,x) is defined by
r(e,8,t,%) = &"(6pu)(t, %) (45)

Fix any T > 1. The following results are essentially similar to those proved in [1, Section 4.3].
Lemma 3.3 (Compare with [1, Lemma 4.19]). There exist AV* @ End(W)®R(V1, ... ,9,)-valued
polynomials ;(s,t,x) on RT x R x V, such that for every integer N, the function v (e, s,t,x) defined

by
2N

N (e, 5,t,%) = qst(x) Z ey (s, t,x) (46)

i=—n—q

approximates r(e, s, t,x) in the following sense:
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For N large enough and 0 < s,t < T, there is a constant C(N,k,a) > 0 such that

H&f&,‘f (7"(5, s,t,x) — rN(E, s,t,x)) H < C(N, k,a)sQN_(k+2)q_"+2 ,
for (s,t,x) € (0,T) x (0,T)x U and 0 <e < 1,

where || - || is defined by using the usual €°-norm (cf. [1, p. 71]) on €°-sections of AV* @ End(W) over
Ry x V as in (40).

Furthermore, for any t € (0,T), we have v;(0,t,0) = 0 if i # 0, while v(0,¢,0) = Id.

We state a general Mehler formula for a generalized harmonic oscillator.

Let B be an n X n matrix, L be an m X m matrix, both with coefficients in the commutative algebra
o/, where n, m are any positive integers. The generalized harmonic oscillator is the differential operator
acting on o7 ® End(C™)-valued functions defined by

1 2
H=— Z (& + ZBijxj) + L.

(2

Theorem 3.4 [10, Proposition 4.7].  For any ag € End(C™), there exists a unique formal solution
pu(x, B, L,ag) of the heat equation

(Ou + Hy)pu(z, B, L, ag) =0 (47)

of the form
Pu() = qu(@) Y uF () (48)
k=0

such that ®(0) = ag. The function p,(x, B, L,ay) is given by the formula

n o~ 1 1 (uD uD
(47u)” 2 A(uD) exp (—Cijxixj> exp( - — (— coth —) a:ia:j) exp(—ulL) ag,
8 du\ 2 2 ij

where Cij = %(BU + Bji), 'Dij = %(B” — Bji) and D = (Dij)nxn~

4 A proof of Theorem 2.5

4.1 An infinitesimal variation formula for the Cappell-Miller holomorphic torsion

Let £ — g/™ be a smooth family of Kéhler metrics on M. Let %, be the complex Hodge star operators
associated with the metrics g/ ™ acting on QP*(M). Let Dy be the operators acting on QP*(M, E)
defined as in (15) corresponding to g/ ™ and V¥. Let U, = (ggTM)*%gZTM € End(TM ®gr C). Denote
by U; € End(T™9 M) the restriction of Uy to T M. Let Rj be the curvature of T M with the
natural connection induced by the Levi-Civita connection V7™ associated with the Kéhler metric g7 ™.
Let Tholo,p,e(M, E) be the Cappell-Miller holomorphic torsion defined as in (21) corresponding to g?M .

The following infinitesimal variation formula for the Cappell-Miller holomorphic torsion, which is
closely related to [6, Theorem 1.18], is obtained in [9].

Theorem 4.1 [9, Lemma 4.2 and Lemma 7.1].  Ast — 01, for every k € N, there is an asymptotic
expansion

k
Trs{*el %e%D?] — j;ﬂ M o7 + o(t"). (49)
Moreover,

0
wlog Tholo,p,t(M, E) = —My 4. (50)
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Let {ej ", be a local orthonormal frame of T'M corresponding to g M and {w; };‘:1 be the frame
which is related to {e;}3, as in (1).

By a direct calculation, we easily get the following lemma, of which the case p = 0 is proved in [6,
Proposition 1.19].
Lemma 4.2.  The following identity holds

B V=1 . 1. ) .
*Zlﬁ = T@(ehej)c(ei)c(ej) + Z@(ei7 Jei) + V=1 O(w;,w; )w’ Aiyg,,. (51)

4.2 The small time asymptotics of the supertrace of certain heat kernels

For simplicity, we set

8*@
-1
=%, —.
Qe=x

Take any /¢, say {o. In the whole subsection, we always omit the subscript £y if there is no confusion.

(52)

Then @ splits into two parts:

e

Q1 = Y Bles, ey )eles)eley) + 7 O ),

4 (53)
=+v-1 @(wj7wi)wj Ay, -
Proposition 4.3.  Ast — 07, for every k € N, there are asymptotic expansions
Trs[Qre™ tb Z a; )+ o(t"), Trg[Qae™ tD Zb 7+ o( tk (54)

j=-—1

Moreover, we have
a1 = (2mv/—1)" / —@ Td(R") - Tr[exp(—R?)], (55)
by = (2m/—_1)*”/ V=ITA(R") - Tr[O(w;, ;)w’ A i, exp(—R°)], (56)
M

where

Rf = (V8)? = —(RTw;, ;) jruw" Ay, + RE. (57)

9z,

Proof.  The known result on the heat kernel asymptotic expansion on the closed manifold M (cf. [1,
Theorem 2.30]) implies the existence of the asymptotic expansion as ¢ — 0. On the other hand, using the
standard local index theory techniques of Getzler (cf. [11,12], [1, Section 4]), we deduce from (53) that

lirg+Trs[the_t 2 (2mi)~ / —@ Td(R") - Tr[exp(—R?)],
t—

lirgl+ Tr, [QQB*tDﬁ =(2m)™" [ V=1Td(R")Tr[O(w;,@;)w’ A i, exp(—R%)).
t— M

We complete the proof of Proposition 4.3. a

The remaining part of this subsection is devoted to the calculation of ag. We follow [6, Section 1(h)]
in spirt, although we will not use probability theory in our final calculation. Instead, using the estimates
of heat kernels with parameters deduced in last section, we modify the proof of the local index theorem
presented in [1, Chapter 4].

We use the convention as in [5, Section 2(f)]. Let da, da be two odd Grassmann variables. If n €
A(T*M @ C) ®C(da,da) can be written in the form

n=mno+dam +dan; +dadans, wheren; € A(T*M @rC), 0<i<3,
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then we set
(m)4" = 3. (58)

The following two propositions are proved in [6].
Proposition 4.4 [6, Theorem 1.20].  The following identity holds,

%(ms [Q1 exp(—tD?)]) = (Trs [exp ( —tD? - \/gdaD = \/gda[p, Q1] + dadan)Ddada. (59)

Proposition 4.5 [6, Theorem 1.21].  The following identity holds

_4D?— \[dD \/>daDQ1 |+ dada @,

- t(Vg@S - 2—\/%dac(ei) - 2—\/%\/—_1@(%, ei)c(ek))
#8980 ¢, gey) —\ Lar w0 ey KL ety ey, (o0)

where K is the scalar curvature of M, and F&° denotes the twisting curvature of the Clifford module
A(T*ODM) @ € given by (cf. [1, p. 117, 148))

1
FE/S = 5TrTu,O)M[Rﬂ + RE. (61)

In (60), we also use the same notations as in [2, Section 3(b)| (compare with (29)).

Set
I, =tD* + \/gdaD + \/gda[D, Q1] — dada Q4. (62)

For the bundle A(T*(*Y 1) @ £, by Proposition 4.5, we see that I; is in the type of operators we study
in the last section, and all the results we get there can be applied to the current case.

Lemma 4.6.  The following identity holds
Tr, [exp(—1,)] = / Tr, [b(z, 7, 1, )] dvar (), (63)
M

where k(x,y,s,t) is the unique solution of (30).

We trivialize the bundle A(T*(O’l)M ) ®¢& by parallel transports along the radical geodesics with respect
to the Clifford connection V'®¢ as in last section. Using [1, Lemmas 4.14 and 4.15] and Proposition 4.5,
we can easily deduce the local expression of I;.

Lemma 4.7. In the chosen trivialization, the operator Iy, when restricted to U, can be specified as
the following operator Iy, which is a differential operator on U with coefficients in C'(V*) @ End(W) ®
R(da,da),

I = —tgij(x) (ng‘l®£ 2(\:1/_ (0i, ex) (x )Ck -

(959 = e - Lt 0.0 (0

+ g7 (x)TF (x) (Véi@g ~ 2 o e -

/I
22t

da - O(ex, 8;)(x )ck)

— idadﬁ -O(es, Jeg)(x) + —1/ zda- (VIMO)(ej, Je;)(x)c!

tK t .
+ T(X) + §F5/S(ei,ej)(x)c . (64)
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We compute the Getzler rescaling (cf. (43)) of the operator I;.
= 2, ij Clogs—1_ € "
IE = —c tg j({fX) (65v8i 66 — 2—\/%(21@ .
V-le! : 1k : )
———da- (e, 0;)(ex) - (67 " A —eig,
—1
: ((SEV(%]@E(Sel - ;mda (0, e1)(ex) - (e el A —¢iy,)
V-le! : —11 , )
——————da-O(e;,0;)(ex) - (™ €' N —¢i,
2@ ( l J)( ) ( z)
—1
ij - € — .
+ e%tg ](sx)I‘?j (ex) (5€v§:®55€ 1 2\/%da- (Ok, e1)(ex) (e el A —ei,)
V-le! : —1 , )
———da - O(e;, 9 : N —€ie
Wl (e1,0k)(ex) - (¢ € Ele,)

- idada-@(ei, Je;)(ex) +

(05, e)(ex) - (7 1eF A —eie,)

~

Z —da-(VZ;M(;))(ej, Jej)(ex)-(e el A —¢ie,)

[\

e?tK

T

2
t . )
(%) + 575 (e, e5)(ex)(e7 et A =i, ) (671 A i), (65)

where (cf. [1, Lemma 4.15])

€

8
1

+ §f¢kl (ex)(etek A —eiek)(s_lel A —¢ie,) + gi(ex), (66)

55V§3®566_1 =710 + —Rpiyx? (e ek A —eiey ) (7 e A —cie,)

Ryij = (R(@i, 0;)0, 8;@)060 is the Riemannian curvature at g, and

firi(x) = O(|x|*) € C*(U), gi(x) = O(|x|) € T(U, End(W)).
The singular term of IAE, as € — 0, is that

. 1
te ! (& + Rk”jxjek Aeb A —|—§€_2fikl (sx)ek Aeb A )

da -1 3
| —= (0 ex)(0)e" A +—=da- O(ex, ;)(0 k/\)
(o @O A +¥—da - bler.2)(0)c
+ ts_Q( 4_tldad6- (9, ex)(0) - O(er, 0;)(0)ek A el A ) (67)
To remove it, we proceed as in [10] by conjugation. Take
-1 /— . ,
A(x,e) = Z (;—\/2_tda<8i, erx)(0)xte® A +2\/%6_1d6 - O(ek, 81')(0)xzek/\> ,

ik

and set h = exp(—A). Clearly, h is a polynomial of x and h(0) = 1.
Set J. = hi-h~!. From (44) and (45), we get

~

(0s + js)(h(x) -r(e,8,t,%x)) = h(x) - (0s + I)r(e, s,t,x) = 0. (68)

Calculating directly, we deduce

-1

- (ai + Rk pet = = 10005 1)(%) = (@0 ) 0)H A
— -1 . .
— %d&- (O(ex, d;)(ex) — O(er, D;)(0))e A
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VT A%
T dada-@(@i,aj)(o)x>

— idadﬁ - O(ei, Jei)(0) + %\/gda- (VEMO)(ej, Jej)(0)e' A

t o
+ §F5/S(ei, e;)(0)e’ A e’ + error(x, €). (69)

The symbol error(x, e) denotes the terms which vanish when e — 0 and will not contribute in the final
analysis.
Clearly, for fixed x € U, lim,_,o+ J- exists and is given by

Jo = —tZ(&i + iBijxjf +tL, (70)

where

Bij = %RW@’C Ael — \/?/—1015- (VEMO) (ex, 0;)(0)e* A == t_ldada -0(8:,0;)(0), (71)
¢ = —%dad@ O(er, Je)(0) + 1/ Lda- (VTMO)(e;, Je;) (0)e A —|—%F5/S(ei,ej)(0)ei Nel. (72)

=] =
o~

In the above calculation of lim,_,q+ .75, we use [1, Proposition 1.28], which claims that as ¢ — 07T,
(0;, ex)(ex) = O(?). Therefore, the term containing da in J. vanishes as ¢ — 0*.

Using the fact that jg = fo + O(g), we can now show that there are no poles in the Laurent series
expansion in ¢ of h(x)r(e, s,t,x). By Lemma 3.3, we have

o0

h(x)r(e,s,t,%) ~ qu(x) Y eh(x)rils, t,x). (73)
i=—2n—2

We expand the equation (68)
(0s + Jo)(h(x) - r(e, s,t,%x)) =0

in a Laurent series in €. Lemma 3.3 implies that the leading term
ast(x)e ' h(x)y-i(s, t, %)
of the asymptotic expansion of h(x)r(e, s, t,x) satisfies the heat equation
(0s + (Z))(qst(x)h(x)'y,l(s, t,x)) =0, for any fixed small ¢ > 0, (74)

which is equivalent to
1~
<8u + ;J()) (gst(x)h(x)y-i(s,t,x)) =0, where u = st. (75)

Since %fo is a harmonic oscillator, we can apply the generalized Mehler formula Theorem 3.4 to (75).
The boundary condition v—_;(0,¢,0) = 0 for [ > 0 implies v_;(s,t,x) = 0 for { > 0. In particular, we see
that there are no poles in the Laurent series expansion of h(x)r(e, s,t,x) in powers of .

The other thing that we learn from the above argument is that the leading term of the expansion of
h(x)r(e, s, t,x), i.e. h(x)r(0,s,t,x) = qs(X)h(x)70(s, t,x), satisfies the equation

(8u + %%) (gst (X)h(x)70(s,t,x)) =0, with 7(0,¢,0) = 1. (76)

Using Theorem 3.4, g5 (x)h(x)v0(s, t,x) is given by the explicit formula

o 1 i 1 (uD uD i
(47u) """ A(uD) exp <§ Cijx x]> exp ( —ul — ™ (7 coth 7>ijx XJ).
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In particular, we get for any fixed small ¢ > 0 that
lim (e, 1,£,0) = 7(0,1,£,0) = (47t) " A(tD) exp(—tL).
E—>
By (43) and (45), we have

r(e,s,t,%x) Za i Dezgs(ex; e t)[l],

from which, we obtain

(5 s,1,x |s 1,x=0 — ZE ps2t 0 € t)[l]? (T(EthvO))[Qn] :ﬁszt(0;€2t)[2n]~

Moreover,
lim Tr[pe2;(0; %) 2] exists.

e—0t

Using [1, Proposition 3.21], we get for any fixed small ¢ > 0 that
Trs [k(20, @0, 1,)]dvnr (x0) = (=2v/=1)" Tr[pe (05 ) 2ny] -

Since
. ~ /. 1 ~ .2
tLH(r)l-*- Tr [pt (0, t) [Qn]] = Eli%g_ Tr [pszt(o, € t)[Qn]],

from (77), (78) and (79), we get

lim Tr, [k(zo, 20, 1,2)|dvn (z0) = (2mV/—1¢)~ "Tr[ (tD) exp(—tL)][2p)-

t—0t

Moreover, by Lemma 4.6, we deduce
}ir% Tryfe ] = (2nv/—1t)" % / Tr[A(tD) exp(—tL)].
- M
From (61), (71), (72) and (81), we have
dada
}%(Trs [e~Tr])dede — (27y/—Tt)™™ ( /M Tr[g(tD) exp(—tL)])
= (2mv/—1)" (/M [A( Rypije® A el —v/=1dada - ©(;,8;)(0 ))
dada

- exp (idad&- O(es, Je;)(0) — %F‘g/s(ei,ej)(O)ei A ej)]>

= (2mV/—1)" /M< <Rkl”e Aél \/Tldadﬁ-é(ai,aj)(())>

3239

dada
- exp (%dad6~ O(e;, Je;)(0) — %TTT(l,O)M[R+](O))) - Trlexp(—R?)].  (82)

The facts that O(e;, Je;) = 2Trqa.0 3 [U ]
imply that

K(%Rklijek Ael —v/=1dada - @(3¢,aj)(0)>

- exp <idada . (;)(ei, Je;)(0) — %TI'T(LO)M[R+](O)>

= Td(RT — dadaU™).

) %Rijklek Ael = —(Rai,aj)(()), and @(8“8]) =

(UJ8;,0;)
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Moreover, we get

Td(R*T +bU™) - Tr[exp(—R?)]. (84)

) _I dadE__ _1\—n 2
e ———

Combining Proposition 4.3, Proposition 4.4, Proposition 4.5, (62) and (84) together, we deduce

Proposition 4.8.  The coefficient ag in Proposition 4.3 can be calculated by

a0 = — (2 T) " /M i

5 TA(RT +bU™T) - Tr[exp(—R?)]. (85)

b=0

4.3 A proof of (25)

Since the space of Kihler metrics on TM is convex, we may assume that £ € R — g7 is a smooth
family of Kihler metrics on TM such that gl M = gTM gI'M = ¢/TM,

Observing that the following algebraic identity holds
T (M) lexp((Aw;, Wj)w’ Aiy,,)] = op(exp A), for any A € End(T M),

we get from Propositions 4.3 and 4.8 that

Moy = —(27v/~1)"" y %\b= (TA(R} +bU}) - oplexp(R) + bU))) - Trfexp(—RP)]. (86)

From Theorem 4.1 and (86), we get

0 0
] log Tholo p,e(M, E) = (27V/ _1)—n/ %l (po(Ré|r +b Uzr)) . Tr[eXp(—RE)]. (87)
M b=0

By the results of [4, Section (e)], the form
Lo
w = (2m/—1)*"/ o (Tdp (R} +bU,"))de - Tr[exp(—RF)] (88)
0 b=0

defines an element in P/P’ which depends only on g?™ and ¢’"™. According to [4, Theorems 1.27, 1.29,
and Corollary 1.30], the component of degree (n,n) of @ represents in P/ P’ the corresponding component
of

fap (7‘1(1,0)]\47 gTM7 g/TM) . Ch(E, vE) .

Combining with (87), we deduce that

!
log Tholop _ / w= / Td, (TCOM, g™, g'TM) . ch(E, VE), (89)
Tholo,p M M
which is equivalent to (25).
The proof of Theorem 2.5 is completed.

Remark 4.9. The referees informed us that there is another way to calculate the coefficient ag in
Proposition 4.3 modifying the proof of [14, Theorem 2.13] also without using probability theory. The idea
is that one trivialize the total bundle A(da, da@) @ AP(T*MO M) @ A(T**D M) @ E by using a connection
similar to V!, in [14, (2.36)], which involve the Grassmann variables da, da. This point is exactly the
analogue of family situation [1, Section 10.4]. Then one computes from Proposition 4.5 the curvature of
the associated connection as in [14, Lemma 2.1], by [1, Proposition 1.18], one obtains that the rescaled
operator has a limit. The above trivialization combined with the argument in [1, Section 10.4] yields a
direct proof without using the conjugation argument of Donnelly.

Acknowledgements The authors are indebted to Professor Weiping Zhang for his guidance and very helpful
discussions. We also thank the referees for very careful readings and helpful comments, especially for correcting
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